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1 Introduction to Brownian Motion

1.1 Definition of Brownian motion

Here is a heuristic definition of Brownian motion, describing its properties.

Definition 1.1. Brownian motion is a “random” function B(t) for t > 0, ¢t € R such
that

1. B(0)=0

2. (Independence on disjoint intervals) B(te) — B(t1) is independent of B(t4) — B(ts) if
[tg,t4] N [tg,tl] = @ for any t1,ts,t3,t4 € R with ¢; > 0.

3. Forallt >0, B(t) ~ N(0,t).

4. B(t) is continuous a.s.

We can ask many questions about Brownian motion. For example, we can ask what is
SUPo<i<i [B()|?
1.2 Comparison with the Poisson process

This is similar to a Poisson Process. Recall the Poisson Process:

Definition 1.2. A Poisson process is a “random” function N(t) for ¢ > 0, ¢t € R such
that

1. N(0) =0

2. N(t4) — N(t3) is independent of N(t2) — N(t1) if [ts,ts] N [te,t1] = @ for any
t1,to, t3,t, € R with ¢; > 0.

3. N(t) ~ Pois(t).

How do we know such a thing actually exists? We need to have a probability space
(Q, F,P)? What are the sample space and measurable sets we want to talk about? To talk
about a Poisson process, we only need to know when the times of the jumps are. So we
can take € to be the set of step functions and F = o(N(t) : t > 0).

We can define 2, F for Brownian motion similarly. But how do we define P? The
Heuristic definition only defines IP on some special events! Next time, we will make this
rigorous. Later, we will define it in yet another, better way and show that the methods
are equivalent.



2 Independence Properties and Construction of Brownian
Motion

2.1 Independence of sections of Brownian motion

Denote independence by L. We know that (B(t2) — B(t1)) L (B(s2) — B(s2)) if [s1,s2] N
[t1,t2] = @. However, this does not directly imply that the random variables B(z) for
x € [t1,t2] and B(y) for y € [s1, 2| are independent. To prove this, we recall a consequence
of the 7\ lemma.

Lemma 2.1. Suppose T; = 0(A;), where A; is a w-system fori=1,2. If Ay L Ag for all
A1 € Ay and As € AQ, then T1 L Ts.

Proposition 2.1. Let t; <ty < s1 < s2, and let f(a) = B(t1+a)—B(t1) fora € [0,ta—1t1]
and g(b) = B(s1+b)—B(s1) forb € [0, so—s1]. These two random functions are independent
of each other.

Remark 2.1. This is stronger than the fixed coordinates being independent because we
can say things like max, f(a) L max; g(b).

An important consequence of this is that for any ¢y, Brownian motion from 0 to %y is
independent of what happens after #.

Proposition 2.2. Let a > 0. Then B(at) ~ \/aN(0,t).

2.2 Difficulty in construction of Brownian motion

How can we construct Brownian motion? Recall that constructing X ~ UJ0, 1] is difficult;
we have to talk about o-fields and Lebesgue measure. A main difficulty is that not all sets
are measurable. So we need to find a decent collection of measurable sets of functions for
Brownian motion.

If we want to construct random vectors (X,Y), then we have to have F = o(Fx x Fy).
If we have a random sequence (X1, Xs,...), we have the o-field o(|JF;), but we need to
use the Kolmogorov extension theorem! to construct P.

With the Poisson process, we only needed to look at jumping times to understand the
whole process. So we only need a sequence (11,75, T3,...). So we do not run into the same
problem there we have with Brownian motion.

One idea (which does not work): Define B(¢),t € Q using the Kolmogorov extension
theorem and extend the values continuously. But it is difficult to show that limseg—s, B(s)
exists. So the correct idea is that we only get B(t) for t € Z[3] first, where Z[] = {m /27" :
m,n € Z} is the set of dyadic rational numbers.

Step 1: Using the Kolmogorov extension theorem, we can create a random list C(x)
for x € Q9 such that

'Kolmogorov created the foundations for probability theory at the young age of 33.



e C(0)=0,

e separate intervals are independent,

e C(y) — C(z) ~ N(0,y — z) for z,y € Z[1].
Theorem 2.1. C(z) is uniformly continuous.

We will prove this next time. Using this, the next step is as follows.

Step 2: Let ¢ : UCF(Z[4]) — C[0,1] send C(z) to its unique continuous extension.

Then let Py = Pops o 1/1_1.
2.3 Gaussian random vectors

Before we construct Brownian motion, we need to understand a notion related to Gaussian
random variables.

Definition 2.1. A Gaussian random vector is a random vector X = (Xy,...,X,,) such
that for all y € R, X -y is a Gaussian random variable.

The reason we care about this is that (B(1), B(2),B(3),...) is a Gaussian random
vector (i.e. its finite dimensional projections are Gaussian random vectors).

Proposition 2.3. Let X be a Gaussian random vector with E[X] = 0. If E[X;X;] = 0,
then X; L X;.

This does not hold for general random vectors and will be important for us in our
construction of Brownian motion.



3 Uniform Continuity of Brownian Motion

3.1 Brownian Motion is Uniformly Continuous on Z[3]

Recall that we wanted to define Brownian motion by defining it on Z[%], the dyadic rational
numbers. We have B(z) — B(y) ~ N(0,y — z) if y,z € Z[}] and B(0) = 0. Since
(B(t1),...,B(tn)) is a Gaussian vector, to show that (B(2) — B(1)) L (B(3) — B(2)), for
example, we need only show that these are uncorrelated.

Lemma 3.1. B on Z[3] is uniformly continuous.

Here is the idea. Look at the interval [0, 1], and say [a, b] C [0, 1] is an interval of length
e. We know that |B(b) — B(a)| ~ N(0,¢) ~ y/e.
We need to prove that

lim sup |B(t) — B(s)|=0.
el0 j—s|<e
t,s€Z[1]N[0,1]

The “bad event” where this does not happen is the union of small/basic bad events
{|B(t) — B(s)| > ¢}, but we can show that the probability of the big bad event is
< > P(small bad event).

Proof. For each m and v > 0, define G}, = { Ak s.t.|B(k/2™) — B((k — 1)/2™)| > 277},
Let HY = (5, y G

Now let’s bound |B(y) — B(x)|. Find an interval I; = [a,b] C [z, %] of length 2=V. If we
arein H", then |B(b)—B(a)| < 27"V, Now let I = [a—1/2N*! a] and I3 = [b, b+1/2VF1]
if these are contained in [z,y] and let them be & otherwise. Then if we are in H',
|B(a) — B(a —1/2V+1)| < 277N+ and similarly for I3. Proceeding like this, we can split
the interval [z, y] into intervals Ij of length 27" for n > N with at most 2 of each kind. So
[z,y] = Us— I, and we get

|B(y) - Blx)| <2 ) 2™.
m>N

Soin HN, if |z — y| < 2=W=1 then |B(y) — B(x)| < C2~N7 for some constant C' > 0.
To get uniform continuity, we don’t want to have fixed HY. Using Markov’s inequality
with the fact that E[X]%] = 1/2™ when X ~ N(0,1/2™),
2—2m

< g(=lHdm)m,

1=-P(Gp) =2"P(1B(1/2") = B(0)| 2 277") < oy <

So 1 — P(H") is bounded by a convergent geometric series. We will finish the proof next
time. O



4 Holder Continuity and Non-Lipschitz Continuity of Brow-
nian Motion

4.1 Brownian Motion is Hélder Continuous on Z|[3]

Let’s finish our proof of the following.
Lemma 4.1. B on Z[}] is uniformly continuous a.s.

Last time, we had a sequence of events H" on which we had a condition bounding
B(2) - B(y)|.
Proof. In HY, if z,y € Z[3], and |z — y| < 27, then |B(z) — B(y)| < C27"N. We also
know that P(HN) ~ 1 — 0277V, Since HY = N,y Gy, HY C HN*L In N for all
k> N,if |z —y| € Z[3] and |z — y| < 27", then |[B(z) — B(y)| < 277K, Soin HY, B(t) is
a uniformly continuous function.

Now, since HY C HV*! we get P(UXN_; HY) = limy 0 P(HY) = 1. So with proba-
bility 1, B(t) is uniformly continuous on Z[3]. O

The proof actually shows the following:
Corollary 4.1. For any v < %, B(t) on Z[3] is a y-Hélder continuous function a.s.

Proof. In HY, if |z — y| < 27V, then |B(z) — B(y)| < |x — y["C. So in HY for any
z,y € [0,1] with z,y € Z[3], |B(z) — B(y)| < |z — y["Cn. So in |J H,, B(t) is v-Holder
continuous.

How did we find 4? We had E[B(t)%] ~ t2, so we chose v < 1/4. We can do better by

using the 2p-th moment: E[B(t)?’] ~ t?, so we can pick v < (p — 1)/(2p). O

Now that we have a uniformly continuous B(t) on Z[%], we can extend it continuously
to the entire positive real line.

4.2 Brownian motion is a.s. not Lipschitz anywhere

Lemma 4.2. B(t) is not Lipschitz at any point with probability 1.

Here is the idea: Split [0, 1] into n intervals of length 1/n. When the distance between
two points is 1/n, then B(z) — B(y) should be about 1//n

Proof. Fix a constant C. Let A,, := {3z € [0, 1]s.t. if |y — x| < 3/n, then ]W\ <Ct.
We want to show that P((,, A,) = 0, and we have that A, ;1 C A,. So we want to prove
that lim, P(A,) = 0. Define A% to be the event {|y — z| < 3/n, |W| <C}In Al

|B(z+1/n)—B(x)| < C/n; call this event A(x%. Similarly, | B(z+2/n)—B(z+1/n)| < 3C/n;

n,



call this event Aglx% Going to the left of =, we also get |B(x — 1/n) — B(z)| < C/n; call
this event Aff% So we have A%z) C ﬂf’zl Agﬂ) . Since the Aiﬂ) are independent,

3
P(A,) < []B(4Y)
=1

We have that P(AL")) ~ 1//n, so P(ASY) < (1/n)3/2.
Let’s extend this to all of A, not just a specific point. Let ay,, = k/n. Then

" (a‘n k) (an k) 1
P Ap™ <nP(A,™") ~ —.
(G ) e~

The set of points where z is Lipschitz is open, so if B(t) is Lipschitz at z, then it is Lipschitz
at a,j for some n,k. So we can bound the probability of A,; the details are left as an
exercise.? O

4.3 o-fields for Brownian motion

Which o-field do we use for Brownian motion? We have a few choices we can use:

Fo=0(B(t),t < s)

Fr=N*
t>s

The second of these choices contains the first, and it contains events that allow you to “see
into the future” a little bit. But we will see that the only extra events F, contains are
null sets. Here is an example of an event in F,~ but not in FV:

A= {nmsupB“)‘B(“") > 1}.

t—st l—s 2

10



5 Brownian Motion Filtrations and Markov Property

5.1 Two filtrations for Brownian motion

Last time, we introduced the o-fields
Fl= m]:to, FVi=a(B(s),s < s).
t>s

We have that F? C F7, and these are not the same because we have an event in F; \ F2:

{nmsupw > 1}.

t—st t—s _2

Later, we will show that the sets in F; \ FO differ from sets in F2 by null sets. In
applications, we can use both of these o-fields interchangeably. Usually, we use F; because
Fr =lim,_, .+ F;" = lim,_, .+ F_. That is, we want a right continuous filtration.

How do we show that F; is almost the same as FU? For any bounded random variable
Z on €2, we can define the conditional expectations

E[Z|Fl, EZ|F)

We will show that these are equal a.s. for any such Z.
Here is an application of this result (which is very difficult to prove without it).

Example 5.1. Fix s. What is
A =P(inf{t > s: B(t) > B(s)} = s}?
This should be the same as
Ao =P(inf{t > 0: B(t) > 0} = 0).
Naively, you may assume that the answer should be 1/2; but in fact, it is 1.
Proposition 5.1. P(inf{t > 0: B(t) >0} =0) = 1.

Proof. Let By be the event infpy)soft : t > 0} = 0, so Ag = P(By). Then By is Fy -
measurable. Then
IE:[ﬂBo | ]:(()]] = IE[]lBo | ]:(;r] = 1g,.

But F) = {@,Q}, since B(0) = 0. So E[lp, | ] = E[1p,]. This gives us
1p, = E[1g,).

So P(Bp) =1 or 0.
To show that P(By) # 0, let Cy be the event inf{t > 0 : B(t) < 0}. Then P(Cp) =
]P)(Bo), and ]P(BO U Co) =1. So P(B()) > 0. OJ

11



5.2 Markov property of Brownian motion

Now let’s prove this crucial result about F;~ and F°. Here is some notation.

Let Y : Cg(R) — [-M, M| for some M > 0. Then define E,[Y] := Y(B(:) + z) for
x € R; this says that we input a Brownian motion with B(0) = x. Similarly, we define
E,[Y | F]:= EY(B() +2) | F].

Recall the shift operator 6, : C(R) — C(R) given by 05(f)(z) = f(z + s).

Lemma 5.1 (Markov property of Brownian motion). With the same notation as above,
E.[Y o0, | F] =Ep)[Y].

Remark 5.1. The right hand side is the expectation of Y (B(-)), where B is a Brownian
motion independent of B such that B(0) = B(s). So the right hand side is F-measurable,
while the left hand side is F;-measurable. The difficulty of proving this statement comes
from this aspect.

Remark 5.2. Recall the similarity to the Markov property for Markov chains. There is a
strong version of this property akin to the strong Markov property.

12



6 Markov Property of Brownian Motion
6.1 Proof of the Markov property of Brownian motion
We want to prove the following.

Lemma 6.1 (Markov property of Brownian motion). Let Y : C(R) — [-M,M] be a
functional, and let 05 be the shift by s. Then

E,[Y obs | ]::_] = EB(s)[Y]~
Recall the following lemma:

Theorem 6.1 (Monotone class argument). Let A be a m-system, and let H be a collection
of functions that satisfies:

1. If A€ A, then 14 € H.
2. If f,ge H, then f+g € H.
S If fut f with0 < f,, € H, then f € H.
Then H has all bounded measurable functions with respect to o(A).
Now on to the proof of the Markov property.

Proof. We need to show that for any A € . and for any Y, E[14(Y 0f;)] = E[1 4 Ep(4[Y]].
By the monotone class argument, we only need to prove this for Ys of the form Y =
[1—; fu(B(tx)); here, A is the algebra generated by the B(t)s. Then

Y o 04( ﬁ Bty + 9))

The point of this trick now is that the difference between F? and F; doesn’t matter
because there is a gap between s and s + ¢;.

For this Y, let’s prove that that the result holds for any A € fg+5 with § < t1/2. So
we want to show that

E[Y o 6 | -7:2+5] = @E(SM)

for some . We only need to show that this holds for A € As, where A; = {1 {B(ax) €
Ry} : ap € (0,54 0], Ry is Borel}, because o(As) = F2, 5. So we can calculate

E[14(Y 00s)] Hl{B(ak)eRk} ka (te + s))]

13



= / Pay (0, dl) day / Pas—ay (dla d2) dasg - - / Pan—an_1 (&TLfl? &n) day,
Rl R2

Ry

- / Dets—an (an €) dE / pes(€. 1) f1(E) dty - / Dot (i1, B2) fa(fs) dfs
R R R

e / Pty —tim—1 (fmflafm)fm(fm)dfmy
R

where p¢(z,y) is the pdf of a N(0,t) random variable, p;(z,y) = \/ﬁe*‘y*xp/%. These

integrals should be nested (evaluate them in reverse order).

= E[Lag}, 4],
where goz;(; € f?_H;. In particular, this depends only on B(s + §). If we send § | 0, this ¢
has a limit. This limit is exactly o (Bs) = Ep[Y]- O

6.2 Events at 0 and oo are trivial

Corollary 6.1. ]_-gr is trivial.

Proof. ]-}T agrees with ]:8 mod null sets, but fg is trivial. O
Corollary 6.2. Events depending on B(t) as t — oo are trivial.

Proof. Define Y (t) = tB(1/t). Then Y (¢) is a Brownian motion because they are both
have finite dimensional distributions which are Gaussian vectors that agree. But events
with ¢ — oo are the same as events for B(s) with s | 0. These are trivial. O

14



7 Equality of o-Fields and Brownian Inversion

7.1 F? and F; are almost the same

Last time, we showed the Markov property for Brownian motion:

E.[Y ofs | Fj] = EB(s)[Y]-
This is actually a bit stronger than a Markov property, since it uses F5, not F2.

Proposition 7.1. F = F? modulo null sets.

Proof. We claim that E,[Y o6, | FJ] = Ep4)[Y]. The right hand side is 7¢-measurable, and
the Markov property shows that it satisfies the definition of the conditional expectation.
Then for any F-measurable Z,

E[Z | Ff]=E[Z|F]].
This follows from the monotone class argument, which tells us we only need to show it for
7 = Hle f(B(t;)). We can assume that t; < to < -+ <71y < sand typq > -+ >t > s.

Then Z = X - (Y 00,), where X = [[[2, f(B(t;)) and Y = [[*{" f(B(t; — s)). Then X is
Fo-measurable, so

E[Z | F)) =E[X(Y 0§;) | ]
= XE[Y ob, | FO]
= XE[Y 08, | F]
= E[X(Y 00,) | F{]
=E[Z | F]]. O

7.2 tB(1/t) is a Brownian motion
Last time, we mentioned the following property.
Proposition 7.2. Let Y(t) =tB(1/t). Then Y (t) is a Brownian motion.

Proof. (Y (t1),...,Y (tn)) is a Gaussian random vector. So to prove that Y (t2) — Y (¢;) L
Y(ts) — Y(t3), for example, we only need to prove that they are uncorrelated. It now
remains to show that we can define Y'(0) = 0. O

We need to know that lim; s Bl _ as.

t

B(

Proposition 7.3. lim, . Tn) =0. a.s.

Proof. B(n) = >, X;, where X; = B(n) — B(n — 1). The X; are iid with N(0,1)
distribution, so the strong law of large numbers gives the result. O

15



What if we want to find the following probability:
P max B0 B0 Y
me[n,n+1] n2/3

We can try looking at the following:

o o 1BOW - B@)

— s 21
mEn-&-QEg’)l] n?/

where Q) = {¢/k € [0,1] : k, £ € Z}

You could try a union bound:

k B(n+/{4/k) — B(n
< P<‘ ( +7,{2/)3 )
/=1

).

However, this probability does not decay with k, and we have to add together k of them.
So this will not work.

Let X = B(n+{/k) — B(n+ ({ —1)/k), and let Y, = >, _, Xp. The X/s are iid, so
Y, is a Markov chain and a Martingale. We have the general inequality:

E[Y;]
P| max [Yy| > a) < —5=
1<6<k a

This gives us

1
>n?3) < —.
P (E?fklm Zn ) Ve
Let k = 2%, and define the event Ap = {maxyentq, |B(m) — B(n)| < n?3}. Then

A,; D) A,;H. We also have that

P(A >1—n"45

l?:+1)

k
This gives us
P max B(m) — B(n) >1) < p 43
men+0,1] n2/3
If we call this event C},, we get that
P(Cy i0.) =0

by the first Borel-Cantelli lemma.
Together with the fact that lim,, % — 0, we get:
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Proposition 7.4. With probability 1,

lim — 0.

t—o00

B(t)
ot

Corollary 7.1. The tail o-field of Brownian motion is trivial.

Proof. This follows from the fact that ]—'8 = .7-'; , while ]—"g is trivial.

17



8 Tail Events, Limsups, and Stopping Times for Brownian
Motion
8.1 Tail events do not depend on starting point

If Ae T, we know that P,(A) =0 or 1. On the other hand, this may depend on z (i.e. it
is a function g of x). We want to show that for Brownian motion, g(z) = g(0) for all z.

Example 8.1. Consider the event

B 1
A =< limsup (n) <=5,
n is prime \/ﬁ 2
Since A is in the tail o-field T, 14 = 1p o ;1 for a shifted event D. Then

Po(A) = E[14]
[E[La | F4]]
[

[

]E[]lA o6y | .7'—1]]

Epq)(1p]]

— —
=p(B(1))

= [ ¢(a)p1(0,a) da.

Il
H &8 &

We know that 0 < p(B(1)) < 1. Since p1(0,a) is positive and we know that Py(A) = 0 or
1, we must have p(a) = Py(A) for a.e. a.
The same argument starting at x gives

P,(A) = /np(a)pl(a:, a)da =Py(A) /pl(:n, a)da =Py(A).

8.2 Limsup of Brownian motion

Let’s try to show that

: By
limsup — = o0 a.s.

t oVt

By symmetry, this will also mean that

B,
liminf — = —0co a.s
Vi
Let
Fy =P (B2 > k) >0
= N
A
=Ank



This is independent of n because By, //n ~ B(1) for all n. We then have
P(A,,  i.0.) > limsupP(4, ) = f(k)
So

P (hmtsup\B;% > k) > f(k) > 0.

Since this is a tail event, it must then have probability 1.

8.3 Stopping times for Brownian motion

Define the o-field F; to be the smallest o-field containing F,~ and all the null sets. Let’s

S
now discuss the issue of stopping times. How should we define this?

We have )
— <t— = 0
{5 <t} Lnj{s_t n}eft,

{SSt}:ﬂ{S<t+i}e]—}+.

Since these only disagree on null sets, we are okay taking either definition.

Definition 8.1. A stopping time is a random variable T :  — R* U {occ} such that
{T' <t}eFforallteRy.

If S are stopping times for all n € Z and S(m) N\, S a.s., then S is a stopping time.
What does a.s. convergence mean in this context?

P({w : lim S™(w) = S(w)}) = 1.
n—oo
Proof. We can split up an event as
{s<ty=J{Sn <t} O
n H/_/
Fi
Remark 8.1. We have a similar result when S .
Proposition 8.1. Let G be an open or closed set in R. Then S = inf{t : B, € G} is a
stopping time.
Proof. If G is open,
{(S<ty=J{Brea}.
, L,
i% o
Since this is a countable union, {S < t} € F;.

If G is closed, we define U, = |J,cq B(z,1/n). Then we can define a stopping time S,
based on U,, and S, /' S. So S is a stopping time. O
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9 Strong Markov Property of Brownian Motion

9.1 o-fields for stopping times

Recall, we said that a stopping time must satisfy {S < t} € F; for any t. We can define
Sp = min{% : 2% >85> %} Then S, is also a stopping time, and S, \, .S. Working
with S, is like working with stopping times in the discrete case. This is an example of a
general technique: prove results for the discrete case and take a limit to transfer the result
to the continuous case.

In the case of discrete time Markov chains, we define Fr = {A: AN{T < n} € F,Vn}.
Such events A can be expressed as A = J,, A,, where A, = AN{T =n} € F, for each n.
The idea is that Fr is the information up to the stopping time 7.

In the continuous case, we can define Fg = {A: AN{S <t} € F, Vt}.

9.2 The strong Markov property of Brownian motion

Theorem 9.1 (strong Markov property of BM). Let {Y,},er be a collection of functionals
C(R) = R, and let S be a stopping time. Then

Eo[Ys 005 | Fs] = Ep(s)[Ys]-

Remark 9.1. If we let S =t be constant and set Y, =Y, we get the Markov property we
had before.

Example 9.1. Let S :=inf({1}U{t: B > 1}). Let’s find E[B; — Bs | Fs]. We can define
Ys(f) = f(1 = 5). Then Ygo0s(f) = f(1). So

E[B(1) | Fs] = E[Ys 0 s | Fs] = Eps)[Ys] = Ep(s)[B(1 - )],

where B is an independent Brownian motion. If {S < 1}, then this is E;[B(1 — S)] = 1.
The case for {S > 1} will be discussed later.

Here is the idea of the proof:

Proof. We will prove that this is true for each S, N\, S. We need to show that for any
A€ Fg. ~

E[14Eo[Ys 005 | Fs]] = E[1aEpg)[B(1 - S)]].
Then we only need to show that this is true for the m-system of events {S < t} and
{By < z}. Then we simplify which Y's we want to prove this for using the monotone class
argument. ]

Remark 9.2. One subtlety to pay attention to is that Fg is not the same as F ; ; this is
because S is random, so the situation is more complicated.

20



Example 9.2. We saw before that inf{t > 0 : B, = 0} = 0 a.s. If B(0) = 1, we will
eventually hit 0 (at time S = inf{t : By = 0}, say). Then we can ask the question of
whether inf{t > s : B, = 0} = 0. The strong Markov property will let us answer this
question. What should Y be?
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10 Zeros of Brownian Motion, Time to Exceed a Value, and
The Reflection Principle

10.1 Zeros of Brownian motion

Let Ty, = inf{t > to : B(t) = 0} be the first time to hit 0 after time t,. Based on this, we
can define Ry, = inf{t > T}, : B(t) = 0}, the next time to hit 0 after Tp.

Proposition 10.1. For any to, with probability 1, Ry, = T,.

Proof. We want to look at Fy, := 1g, 21, -

O]

Define the event Ay = {R; = T;}, where ¢ € Q. Then P(4,) = 1, so P((,cq4q) = 1.
This means that if B(t) = 0 for some ¢, then there exist either s, 't or s, \,t such that
B(sp) =0 (with n € Z).

Corollary 10.1. With probability 1, Brownian motion has no isolated zeros.

10.2 First time to exceed a value

Let z > 0, and let T, = min{t > 0: B(t) > z} be the first time we exceed a. We can think
of T, as a function of x; this function is monotonically increasing. T, has the property
that its values are independent in separate intervals:

Proposition 10.2. Let a; < ag < by < by. Then (Tpy — Toy) L (T, — Tp,)-
Proof. If E[F'(A) | B] is constant for all functions F', then A L B. So want to show that
E[F(Ty, — Ty,) | Tay — Ta, ]
is constant for any function F'. This will follow if we can prove that
E[F(Ty, — Ty,) | Fr,,]
is constant. We have, by the Strong Markov property, that

E[F(Ty, — Tb,) | ]:TbQ] = Eo[F(Th,—s, ). [
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What is the distribution of T; for some fixed a > 07 This is difficult to prove on its
own. The correct idea is to study T, for varying x to find out things about 7.

Define the characteristic function ¢,(\) = E[e™*74]. Then ¢, (N)@p(A) = @ass(N)
for all A, as T, +T;, 4 To+b- The unique solution to this kind of equation is ¢, (A) = e—ahx,

How do we find h)? Here is a trick: Define Y; = eeBt—92t; then Y; is a Martingale, and
E[Yirr] = E[Toar] = E[Yy] = 1 for any stopping time 7. Then E[e?Bra=0"Ta] = 1, s0 we
can find h).

10.3 Reflection principle for Brownian motion

We can also ask the following question: What is

P| sup B >a|?
tel0,1]

Surprisingly, we get

P|( sup By >a | =2P(B; > a).
te(0,1]

This is called the reflection principle for Brownian motion.? The idea is that if we hit
a, we can reflect the rest of a path above and below the line y = a. These paths have the
same probability of occurring. So we get

P(Bi>a)=P|B1>a| sup Bi>a|P| sup B, >a
t€[0,1] te[0,1]

1
=—-P| sup B;>a].
2 \tep,1

3Professor Yin has found this principle very useful in his research.
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11 Distribution of The Last Zero in [0,1] and Martingale
Properties of Brownian Motion

11.1 First time to exceed a value

Proposition 11.1. Let T, = inf{t > 0: B; > a}. Then
P(T, < 1) =2P(B; > a).
Proof. Last time, we said
P(By >a)=P(By>a|T,<1) -P(T < 1).
So we want to show that P(By > a | T, < 1) = 1. We have

E[]]'{Bl>BTa} | ]:a] = ]E[:H‘{BlfTa>Bo} o gTa ’ ‘Fa]
=Epy, [1{B,_1,>Bo}]

= Ea[ﬂ{Bl,Ta >a}]'
This is 1/2 if T, < 1. 0
Corollary 11.1. Let ® denote the CDF of the standard Gaussian distribution. Then
P(T, <1)=2(1-®(a)).

11.2 Distribution of the last zero in [0, 1]

We’ve shown that inf{t > 0: B; = 0} = 0 a.s. What is the distribution of the last zero in
[0,1]7 Let A =sup{0 <t <1:B;=0}. Then

P(A<t) = /pt(O, y) - P(no zeros between ¢ and 1 | B(t) = y) dy.
By shifting the Brownian motion by t, the probability in the integrand is
Bo(T_, > 1— ) = 2(1 - B(y)).

After solving the integral, we get

2
P(A < t) = — arcsin(t).
T
Another related question: Let a = sup;¢jg B(t), and let B(Ts) = a. What is the
distribution of T,?
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11.3 Martingale properties of Brownian motion

Definition 11.1. A random function (X;);>0 is a martingale (with respect to the filtra-
tion Fy) if for all t > s, E[X; | Fs] = Xo.

Equivalently, the condition is E[X; — X | Fs] = 0.
Proposition 11.2. X; = B? —t is a martingale.

Proof. First, X; — Xy = B? — B2 — (t —s). Then B; = Bs+ Y, where Y 1L B, and
Y ~ N(0,t —s). So

E[X; — Xs | Fs) =E[Y2 +2Y — (t —s) | Fs| = E[Y?] + 2E[Y] — (t — s) = 0. O
Proposition 11.3. Let T = inf{t > 0: B(t) € {a,b}}. Then E[T] = —ab.
Proof. Since X; = B? — t is a martingale,
E[B}] — E[T] = E[X7] = E[X(] = 0.

To find E[B2], we have E[B2] = P(Br = a)a®> + P(Br = b)b%. Since B; is a martingle,
E[Br] = 0. So we can calculate

b b
P(Br =a) = —5(1 —P(Br=a)) = P(Br=a)= —
So we get
a’b b’a
E[T] — b_a——ab. O

What if we want to find E[T?]? We can use another martingale with a B term. Next
time, we will talk about how to figure out such martingales involving Brownian motion.

25



12 Polynomial Brownian Motion Martingales and Arcsine
Laws

12.1 Polynomial Brownian motion martingales

What kind of function of Brownian motion is a martingale? We want E[f (¢, B;) | Fs] =
f(s, Bs) for all t > s. We can also state this as E[f(¢, B(t)) — f(s, B(s)) | Fs)-

Proposition 12.1. If f is a polynomial, and

of B
at + fiEQZ_ I

then f(t, By) is a martingale.

Remark 12.1. This is not the heat equation, but it is similar. The heat equation looks like

% - %fxw = 0. If we let pi(w,y) = fB,|{By=r}(¥), then p(0, ) satisfies the heat equation.

Remark 12.2. For high-dimensional Brownian motion, the formula should be

of

8t+ Af

How do we think of pi(z,y). Certainly, [p(0,y)dy = 1. Here is how physicists think
about it. If we have 1 pound of sand at t = 0, we can move the sand around randomly
according to Brownian motion. Then at time ¢ = tg, ps (0, ) is the density of sand at
x. The fact that pi(z,y) satisfies the heat equation explains why the variance of p;(0,y)
spreads out as t grows (the probability spreads out like heat).

If f is a martingale, we get E[f(¢, B;) — f(0, Bo)] = 0. What does this mean in physics?
This is like

7(t, Bt) = £(0. Bo).

sand

Let f,, = f(t, position of sand particle n). Then

lim — Z fa(t) = = £(0, By).

What fs satisfy this condition? If f is constant or linear with respect to position, this
condition holds. If you want a 2nd derivative condition, then you need + Af=0.

Proof. We have E[f(t, By) — f(0,Bp)] = 0. This is

/ £t 9o, y) dy — £(0,2) = 0.
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If we take the derivative with respect to ¢, we get

/ fi(t el y) dt + / e ) = 0.

By integration by parts, we get
1
/(fl + §f2,2)pt(56,y) =0.

So fi+ 3fa2 = 0. O

192
F o= B30

Remark 12.3. It is not necessary for f to be a polynomial. is also a

martingale.

12.2 Arcsine laws and time of the maximum in Brownian motion

Let T' be the first time such that By = sup,¢c(g ;) B;. Last time, we learned that the last
zero of Brownian motion in [0, 1] is distributed like arcsine. There are two other Brownian
motion arcsine laws:

1. {t: B(t) > 0,t € [0,1]},
2. T as defined above.

The way to calculate T'is to first find the joint density of (T, M), where M = sup;¢o 1) Bt.
Let M (t) = supyejo, Bs, and let Xy = B(t) — M (t) < 0. We can also consider Y; = —[B(t)],
which is a different Brownian motion. We claim that X; 4 Y;. Here is a heuristic argument

1. First, we have |{t: B(t) = M(t))}| = 0.

2. Next, if B(tg) # M (to), then there are an interval I and ty € I such that B(t) — M (t)
looks like a Brownian motion in 1.

3. Now T for B(t) is the last zero for B(t). This is because the last zero of B(t) and the
last zero of Y; have the same distribution. And Y; and X; have the same distribution.

The idea to prove this is to use a random walk. If we take a limit of scaled random
walks, we will eventually get Brownian motion. We will go over this next time, in a result
called Donsker’s theorem.

If S,, is the result of a simple random walk on Z at time n, then let X,, = S,, — M,,. If
Xp—1# 0, then X,, = X,,_; £ 1 with probability 1/2 each. If X,,_1 =0,

X - —1 with probability 1/2,
"7 10  with probability 1/2.

Then Y,, = —]Sn] has the same distribution as X,,. This result will extend to Brownian
motion.
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13 Skorokhod’s Representation Theorem

13.1 Skorokhod’s representation theorem

We will study two new ways of understanding Brownian motion:

1. Brownian motion as a limit of simple random walks

2. Orthogonal polynomial method ot construct Brownian motion

The first one lets us prove results about Brownian motion using combinatorial ar-
guments. The OPM is useful for computer simulation of Brownian motion and other
applications.

Theorem 13.1 (Skorokhod’s representation theorem). Let X be a real-valued random
variable with E[X]| = 0. There exists a family of stopping times Ty, with respect to B(t)

(where a is a random label) such that B(T,) L X and E[T,] = E[X?].

Example 13.1. Let X = £1 with probability 1/2 each. Let T'= inf{t : |B(t)| > 1}. Then
B(T) ~ X and E[T] = E[X?].

Example 13.2. Let X = £2 with probability 1/2 each. Then we can take T' = inf{¢ :
[B(t)| = 2}.

Example 13.3. Let X = +1,42 with probability 1/4 each. Let T}, = inf{t : |B(t)| > k}.

Let a = 1 or 2 with probability 1/2 each. Then B(T,) < X.

Here is the outline of the proof.

Proof. Step 1: If P(X = a or b) = 1, then let T, = inf{t : B(t) = a or b}.

Step 2: We want a random variable a : Q — R? with a distribution such that B(T},) 4
X and E[T,] = E[X?]. In the discrete case, we have
v
P(B(Ty) = u) = Eo[Pem(B(Tuw) = u)] = Eq LU — v|] .
O

13.2 Proof of CLT using Skorohod’s representation theorem

If we have the SLLN and this representation theorem, we can actually produce a proof of
the central limit theorem.
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Corollary 13.1 (CLT). Suppose that X,, are iid random variables with E[X;] = 0. Then

N

I SV

(2 x2)
Proof. By Skorokhod’s representation theorem, X 4B (T,) and X, 4B (Tw), where
a,@ are iid and B L B. Then X; + X» 4 B(T, + Td), where T; = inf{t —To : t >
Ty, B(t) — B(Ty) € a}. (Recall T, = inf{t > 0: B(t) € a}.) The reason we can do this is
that B(Ty + Tx) — B(Ta) < B(Ts). In fact, Th, T are iid.

We can extend this to X1 + Xo + -+ + X, £ B(TL, + T2, +---+ T2 ). By the SLLN,

Y. Ti — NE[T) ] = NE[X?. So we have X; + X, < B(Yy), where Y,, » NE[X?] a.s.
So

Xi+--+XN 4 2
—_— E[X“]).
R (0.l 0

13.3 Brownian motion as a limit of simple random walks
Let X; ~ iid Ber(1/2), and let
oN _ o Xk if X =m,zeN
X7 ] linear combination of St Sty @ ¢ N.

In other words, we linearly interpolate between the values of a random walk. This gives us
a graph (i.e. a random continuous function Ry — R). Then let

N
StN

VN

Then f converges in distribution to Brownian motion on [0, 1].
Usually convergence in distribution is not so strong. Next time, we will talk about how
to improve this for our Brownian motion.

IO
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14 Donsker’s Theorem

14.1 Donsker’s theorem
Let S” be a simple random walk (1 < m < n). f((t) is defined with S? by linearly
interpolating between the values and rescaling. Then (%) : [0,1] — R is a random function.

Theorem 14.1 (Donsker). f( 4 B(").

Remark 14.1. That is, we can consider P ), which is a measure on C([0,1]). This
converges weakly to Pg(.) as a measure on C([0, 1]). When we talk about weak convergence
of measures, we mean f,(A) — p(A) for all open, measurable A. Say Brownain motion is
associated to the space (2, F,P). Then the limiting measure here is P| (¢ ((0,1]))-

This only talks about convergence of the distributions as measures on C([0,1]). We
can see that [{zg : d%f(”) (x0) exists}| = 1, but [{z : B'(x) exists}| = 0. The issue is that
{w : [¢'(t0)](w) exists} is not an open set in C([0,1]).

14.2 Applications of Donsker’s theorem

Corollary 14.1. If ¢ : C([0,1]) — R is continuous Py-a.s. (which is the P for Brownian
motion), then ¥ (fy) 4 Y(B).

Corollary 14.2. Let M (f) = max; f(t). Then M(f,) LN M(B).
Proof. M is continuous on C([0, 1]). O

Corollary 14.3. Let Py(f) = |{z : f(z) > 0. Then Po(f,) % Py(B).
Remark 14.2. P is not continuous in C([0, 1]).

Proof. The set of points where Py is continuous has probability 1 for Pgy. Indeed, if
{z : g(x) = 0}| =0, then P, is continuous at g. O

Similarly, we can use Donsker’s theorem to find the last zero of Brownian motion in
[0,1].
14.3 Proof of Donsker’s theorem

Here is the proof of Donsker’s theorem. The idea is to “grow a simple random walk on
Brownian motion.”

Proof. Let Spt = >"% | X We know that f,(¢) L B(t) for t = k/n, but this is hard to
deal with. The correct idea is to look at n=1/287 = n=1/23"" X} = B(rP + -+ + 77%),
where 7,11 = inf{t — 7, > 0 : |B(t) — B(r;)| > 1}. Depending on whether the Brownian
motion goes up or down, we can tell the random walk to go up or down.
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Here is the idea of how the convergence works: Now all f(™ grow on the same B. So
the f(™ share good properties of B. If A.5 = {B: |z —y| <J = |B(x) — B(y)| < ¢}.
In A s, for all large enough n, f,, is €, -continuous. O
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15 Orthogonal Polynomial Method for Constructing Brow-
nian Motion

15.1 Overview

This lecture, we will talk about a method used to construct Brownian motion which is good
for computers to simulate. Previously, we constructed Brownian motion on dyadic rational
numbers and extended it continuously to R. We also constructed Brownian motion as a
limit in distribution of scaled simple random walks using Donsker’s theorem.

Here are the basic properties of Brownian motion:

1

sy

0) = 0.

2

N(0,1).

3. B(I) L B(I,) if I, N I = @, where B(I) = B(b) — B(a) if I = [a,}).

- B(
2. B(t)
- B(
4. B(-) e C(]0,1]).

We will construct a sequence of random functions f(™) that converges to Brownian motion
in the || - || sense. The limiting random function will satisfy the above 4 properties.

15.2 Orthogonal functions

Given functions 1, we have the inner product

1
(s ) = /0 ()b ()

We will construct an orthonormal set of functions v, (i.e. (¢, Vm) =0, (¥n,,) = 1).4
Let 9, be an orthonormal basis of L2([0,1]). Then if ¢ € L?, we have

b= () V-
k

Now define . ,
Wa(t) = Xy, / Yr(s)ds,  Xj ~iid N(0,1).
k=1 0

Proposition 15.1. For every t € [0, 1], Wy, (t) is Gaussian with E[W,,(t)] = 0 and variance
E[W2(t)] == ¢.

4Orthogonal polynomials are very useful in random matrix theory.
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Proof. For the variance,

2

/Ot Yi(s) ds

= (o, )]
k=1

n—oo

— (Lo, Ljo.9)
- 0

EWa(t)] =)
k=1

Furthermore, Wi (t) — Wa(s) < N(0,t — s), and (W (11), Wa(L2)) 5 (B(L1), B(I2)),
where B is a Brownian motion.
15.3 Haar functions

We want to say that W, (-) LN B(-). But the limit of the left hand side will be an L?
funciton, not necessarily a continuous function. Can we find some orthonormal basis of
polynomials such that W,,(-) has a || - || limit in C([0,1])? Recall the following result:

Proposition 15.2. Let f,, € C([0,1]) for each n. If f,, — f uniformly, then f € C([0,1]).

Now we only need to find an orthonormal basis such that W,,(-) are a Cauchy sequence
in C(]0,1]).

Definition 15.1. The Haar functions are the functions
() 272 g [27k, 27"k + 27 ()]
€Tr) =
F —on/2 g (27 427D 27 (k4 1)].
Now define 1)on i = ff, and let Wn = Won. Then
[Was1 — Wl < 272 max{|Xan|, . .., | Xgns1|}.
We have that P(X; > n) ~ e "/2, so
P(max{z1,..., Xon}) S e /4

for large n. So - -
Wit = Wlle <270

with probability 1 — e /4, Using the Borel-Cantelli lemma, we get that the probability
these events don’t hold infinitely often equals 0.

This method is good for calculating things such as the distribution of the last zero of
Brownian motion in [0, 1].
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16 Ito’s Formula

16.1 Integrating with respect to Brownian motion

Let f € C?([0,1]). We want to say something like

(B = £(0) + /0 J(B)dB

[t6’s formula tells us that there is actually an extra term:

f(B: /f ) By + /f”

If we change a f(B;) a little bit, how can we measure this change? The answer is

1
df(Bt) = f'(Bt) dBy + if”(Bt) dt
Some people also write
Af(Br) =(d— A)

for this in physics and finanical contexts.
There is something that is not clear in the above equation. What does the integral
fo f'(Bs) dBs mean?

Definition 16.1. We can define an integral with respect to Brownian motion by

/Osg(Bt) dBy:= = lim Zg B(tr+1) — B(tr))

0=t1< - <tn=s

This is very similar to a Riemann sum, except a Riemann sum has g(t}), where t; €
[tk,tk+1]. In our definition, we explicitly pick ¢, instead. In fact, the limit will change if
we replace ty with sty + (1 — $)tg41 for some s < 1.

Example 16.1. Here is an example to show that the limit can be different if we change
tk to tk+1.

D l9(B(tir1)) = 9(BE)(B(trs1) — Zg By, )(B(t+1) — B(t))”

k

Suppose ¢’ ~ 2. Then this is

~ 22 (ter1) — B(tr))?
~ 2 Ztk—i-l —tk
k

= 2s.
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16.2 Examples and applications

Example 16.2. Say you buy stocks every day. Let A, be the number of stocks you have
on day n, and let AB,, = (B,+1 — By,) be the change of stock price on day n. Then we

want to calculate
365

Z A, - AB,
n=1

We have that A, € F,, where F,, = o(By,...,B,). We also assume that as n — oo, B,
looks like a Brownian motion. In the limit, we get

/At dBt,

where A; is F;-measurable (F; is our o-field for Brownian motion).

Example 16.3. It6’s formula implies

1
sin(By) = /cos(BS) dB; — 2/sin(BS)ds.
Often, we use It0’s formula backwards, to find the value of the integral.

Example 16.4. We have
t
Bf:/ B,dB, +1t,
0

so we can solve to get

t
/ Bs;dBs = B? —t.
0
In fact, we have the following theorem:

Theorem 16.1. Let g € C?. Then

is a martingale.

We will prove this later.
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16.3 Proof of Ité’s formula
Theorem 16.2 (Ito’s formula). Let f € C2%([0,1]). Then

F(By) = £(0) + /0 F/(BJ)dB. + /0 1(By) ds.

Here is a heuristic argument:
Proof. We have
1
F(Bi) = f(Bto) + f'(Bto) (Bt = Bio) +5.f"(Bio) (Bi = Buo) ++ -,
~(At)1/2 ~AE

where At =t — t5. We can get rid of the terms with order > 2, since they will be small
when At is small. Then

F(B) ~ F(By) = 3 F (0B + 5 3 £ (B ) (BAW)
k k

B(Ay) := B(tk+1) — B(ty).

When we take the limit, since the B(Ay) are independent of each other, so we get
.1
/f(BS) dB; + lim Zk: 1" (By,) A,

where the Ay, are independent A/(0, A;)2. The law of large numbers makes the right hand
side approximately 3 >, f”(B,) E[A}], so the right hand side converges to [ f”(Bs)ds. O

What if we want to prove this for f € C%(R)? We prove it for when || f'||co, | /|lco are
bounded. Then with high probability, || B¢, < 00, so we can extend to the general
case.
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17 Strengthening It6’s Formula, and Generalizing the It6
Integral

17.1 Strengthened It6’s formula

Here is the stronger version of It&’s formula.

Theorem 17.1 (It6’s formula). Let f € C?(R) with || f'||co, ||f"]lcc < M. Then

t ! 1 t 1!
f(B) = f(0) + /0 f'(Bs) dB; + 2/0 f"(Bs) ds.
We want to show that

Zf'(Btk)B(Ak)%/f(Bs)st
{tx}

> f(By)B(A)® — / f(By) dB,
{tx}
where B(Ak) = B(tk+1) - B(tk>
For the first statement, we need to show that 3, 4 J'(Bt,)B(Ag) has a limit when the
mesh size of {t;} — 0. What does this convergence mean? This is not just a sequence; it
is a net.

Definition 17.1. A net is a partially ordered collection {X, }4cs such that for any «, 3,
there exists a v such that v > o and v > 5.

For partitions, we have a net: for T = {t;} and T = {{ —k}, T <T <= {tx} C {ir}.

Proof. We want to show that this net is Cauchy. Write B(Ax) = > ; B(4;), where the
ty € [tr, trs1]. We have

2 2

E Y F(BO)BAR) =Y f(BYBA)| =E > Y [f(Br) - (BB
k

k k f@E[tk,tk+1]

B(A;) is independent of random variables measurable with respect to Fi,s s0 a lot of the
terms cancel (because they have zero expectation).

=E (>, > 1B - f(BYPBAy?

E foeltn tii]
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=E > > (B - F(BIPA;
ktoeitn,trii]

< sup E[f'(Bs) = f'(B)|* - T
$,6€[0,T]
|[s—t|<maxtg41—tx

This goes to 0 if maxy(tx+1 — tx) — 0. So this is a Cauchy net, and thus it has a limit.
For the second statement we want to prove, compare

> F(By)BX(Ak), Y f"(Bi,) Ak
k k

The right term has the limit | f”(Bs) ds. Subtracting these two gives

> (B [B(AR)? — Ay
k

Then f”(B,) is Fi,-measurable, and B(Ay)? — Ay, is independent of JF;, -measurable ran-
dom variables and has zero expectation.
In general, for these kinds of sums, we have

> gkhk] = Elgrgehahw]
P

kK

E

If £ > k, then grpgp hi € ‘Ftk" But Ay L ‘Ftﬁg
= Elgihi)
k

o

< M2-T-C-m]?x(Ak).

< M’E

So we get that Y, f”(B,)[B(Ax)? — Ag] — 0 in L?, which implies convergence in proba-
bility. 0

17.2 The Ito integral for more general functions

We have defined [ f(Bs)dBs when f € C2. What if f depends on the entire path of
Bronian motion until time t7 The general case is

T
/ f(w,s)dBs, w e Qp.
0
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Example 17.1. Let f(w,t) = maxs<¢ |Bs(w)|. Then we are looking at

T
/ max |B| dB.
0 SSt
What kind of function should f be?

1. If Brownian motion has the measure space (g, Fp,Pp), then f should be Fp ® T-
measurable.

2. For fixed t, f(w,t) € F.

3. feL*(Qp x[0,T]): that is, E[[ f?(w,t)dt] < occ.

We let ‘H be the collection of f satisfying these 3 properties. We start from
flw,t) = a(w) - ]]-[tl,tz](t)'

What property should a(w) satisfy to satisfy property (2) above? We want a € Fy, .
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18 The Itd Integral for L? Functions

18.1 The It6 integral for simple functions

Recall: If f € L?(Qp ® [0,T]), where f(w,t) is F; measurable for each t, we want to

understand the integral
T
_/ Fw,1) dB,.
0

If f(w,t) is the number of stocks we have at time ¢, then the integral gives the profit we
get between 0 and T'. We start by analyzing the function

f=a(w)ly, (1), 0<t1 <t <T
This is a step function on a fixed interval with a random height. In this case,
Ir(f) = a(w) - B(t2) — B(t1).

This is intuitive: this function says we buy a stocks at time ¢; and sell them at to; so the
profit is the change in price of stocks from ¢; to to times the number of shares I have.
The integral is linear, so for simple functions,

f= Zak Dl )0 ap € Fy = Ip(f) = 3 ap(@)(B(E) - B(t))).

18.2 Extending the Ité integral to general L? functions

2
If f € L?, we want to find a sequence of simple functions fy, L, f so we can let Ip(f) :=
limy, I7( f)-
Lemma 18.1. If f is a simple function,
1 fllz2@x 0,7 = ()22 0)
Proof. Suppose f = a(w)1, 5] (t) + b(w) L, 1) With s1 <t1 < s3 < to. First,

T
E [/ 12 dt] =E[(t; — s1)a® + (s2 — t1)(a + b)? + (ta — s2)b?.
0
On the other hand,

E[IZ(f)] = E[[(B(t1) — B(s1))a + (B(s2) — B(t1))(a +b) + (B(t2) — B(s2))b]*]

Say the intervals are J; = [s1,t1], Jo = [t1,82] and J3 = [s2,t2]. Then if we look at
E[B(J1)aB(J2)(a+b)] for example, B(J2) is independent of the rest. So the crossing terms
cancel.

E[(B(t1) — B(s1))*a* + (B(s2) — B(t1))*(a + b)* + (B(t2) — B(s2))?b]
= (t1 — s1) E[a®] + (s2 — t1) E[(a 4 b)*] + (t2 — s2) E[b7]. O
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So we get that Iz : L?(2 x [0,1]) — L?(Q) is isometric on simple functions. So if
| fro — full2 = 0, we get [[I7(fm) — IT(fn)|]2 = 0. So we can convert Cauchy sequences in
L?(Q2 x [0,1]) to Cauchy sequences in L?(f2), find the limit, and use it to define I (f).

Remark 18.1. I7(f) is “only” L?-unique. So if h = I7(f) except in a probability 0 set,
h is also lim I7(fi). This is the same as with the definition of conditional expectation.

18.3 The It6 integral as a random function
Ift<T, let
t
F(w,t) = / f(w,s)dBs
0

F' is a random function. We should believe that F' € C([0,1]) a.s. Here is the issue: for
any t, we know F'(w,t) in a probability 1 set. But we want to have a random variable
for all ¢ at once. We can have P(F(w,t) = F(w,t)) = 1 for fixed ¢, but it is still possible
that P(F # F) = 1 because {F = F} = ﬂt{ﬁ(w,t) = F(w,t)}; this is an uncountable
intersection.

So if we want to define the random function F(w,t), it is not a “simple” extension of
I7(f). To make the construction work out, we need to make sure F' is continuous. But this
is hard in general; in general, if I have X; for each t, it’s not easy to find F(t) € C(]0,1])

with F'(t) 4 X; for each t. We will need to find a sequence of continuous functions that
converge uniformly to F(w,t).
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19 The Ito Integral as a Continuous Random Function

19.1 Constructing the integral as an a.s. limit of continuous function

Let H C L?(2x[0,1]) be the collection of adapted functions; that is, f € H if f(w,t) € F;
for all . Last time we defined the It6 integral so that

Ir(f) = lim I (fn),

2
where f,, are simple functions with f, N f.

We wanted to construct a random function F'(w) € C([0,T]) such that F}(w) 4 L(f).
Note that in | f(Bs)dBs, we had a Riemann sum:

Z F(B(ty)B(At,)

We fixed w first, cut the path B; into small pieces, and took the limit of the sum. For
f € H we did not define I7(f) in this way. We defined Ir(f) first, based on f, — f. So
for each w, we do not know what the path F; looks like.

Theorem 19.1. With probability 1, t — F; is continuous.

Proof. Suppose

Zak 4 | (t).

k+l

Then define

Fut) = Y af”(@)[B(ty),) — B")] +a", (@)B(t), ko =max{k: trrs <t}
k<kg

This F,(t) is continuous a.s. We want to take the limit to get F'(¢); that is, we want a
limit point of (F,(t)) in C([0,1]). So we want to find a Cauchy sequence in C([0,77]). We
we want to look at

max |Fo(t) — Fin(t)]

We defined F), by f(m), so if we denote F,, = F(f,), we see that F,,— F,, = F(fn— fm)-
So we want to find
X = m?X |F(frn = fm)(t)]

This difference, which we can call F,,,(t), is is a martingale with respect to ¢. Doob’s

inequality says
E[X7, 0] < CE[Fym(T)?]
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So Chebyshev’s inequality gives

C

2
C

= S () = Ir(Fm) 22

C
= Sl fml

E[Fm(T)’]

Pick a subsequence such that || fy, — fx,, |3 < 272" for ky, > k,. Then we get
P(Xpm >2") <27

By the Borel-Cantelli lemma, with probability 1, there is an ng(w) such that when n > ny,
| Fky = Flop i lloo <277

So Fy, is Cauchy a.s. So fk, has a limit in C([0,T]). O

19.2 Further considerations about this construction

1. For fixed t, does F(t) 4 I,(f)? Yes, because Fy, (t) 4 I(fx,) for each n.

2. F(t) is also a martingale with respect to t: F(s) = E[F)tFs], so then Fy, (s) =
E[Fy, (t) | F(s)]. F is a mar

Based on how we defined this version of F'(t), it is unclear how much the path F(w,t)

depends on B(w) for fixed w. If we picked wp so B(wyp) is the 0 function, can we even say
that F'(wp) is the 0 function?
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20 When is the It6 Integral Zero?

20.1 The Ito integral with respect to a stopping time

Let wg be such that B(wp,t) = 0 for all ¢. Then do we get (fgdeS)(w) for all t7 The
issue is that fOT fdBy is only L*-unique.

When discussing the It6 integral, we constructed it as a limit of I7(f,), where f, — f
are simple functions:

t
o= oy o 0, [ 1adBy =3 aBAL)
Then if (J} fu dB.)(wn) = 0 for all ¢, then (f{ £ dB.)(wn) = 0.

Theorem 20.1. Let f(w,t) be Q x [0,T] measurable and adapted to F;. Let

X(w,t):/o f(w,s)dBs,

and let v be a stopping time such that f(w,t) =0 ift < v(w). Then X(w,t) =0 ift < v(w).

Example 20.1. Let

1 |B > 2

flw,t) = | (w,t?| - v(w) = inf{t: |B(w,t)| > 1}
0 otherwise,

Then X (w,t) =0if t < v(w).

We want to say something like

t tAVv tAV
/ deS:/ desz/ 0dB, = 0,
0 0 0

But we do not have any definition for integrating with bounds determined by a random
variable.

Lemma 20.1. Let f,g € L? be adapted, and let v be a stopping time. If f = g fort < v,
then X (t) = Y (t) fort <v. Here, X(t) = [} fdBs, Y(t) = [, gdBs.

Proof. We know f, — f, where f,, = Za,(fn) (w)]l[t<n) 4 }(t) are simple functions. We can

k "k+41

choose these to be t,in) = k/2". Define

fo— (n)
fa=)_a (@) yo0 ()T, yimy-

k k41
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Then ﬁl(w, t) = 0if ¢t < w. These are still simple functions, so we can compute the integrals

of them; we have
t ~
(/ fnst> (@6 =0  ift<u.
0

We need to show f, — f in L2(Q x [0,T]). Check this.

If we have ([ f,dBs)(w,t) = 0 if t < v, then for fixed ¢, ([j fdB;)(w,t) = 0 in the
event ¢t < v (with probability 1). But this is not enough to say that fg fdBs =0 for all ¢
a.s. But it holds at all rational ¢ with probability 1. Since I;(f) is continuous in ¢, we get
that this is 0 for all ¢ with probability 1. O

20.2 Extending the integral to L?

loc

Recall H2 = {f € L>(Q x [0,T)) : f is adapted}. Even some basic functions do not make it

into this collection: eB(*)" ¢ L?. We must find some way to extend the integral to a more

general class of functions. Define L2 . = {f : IP’(fOT |f(w,t)|*dt < 00) = 1, f is adapted}.

This class contains H2: if E[X] < oo, then X < oo a.s. This class even encompasses
eB(s)

functions such as e®

Why stop at 2?7 We can define L? similarly; then LV C LI

loc loc = loc

if p>gq.
Example 20.2. Let f(s) = (1—s)~1/2; this is not random. Then what is fol fdBs? Define
1—2-n~t
T = / fdB.
1-2—n

Then E[Z,] = Zy, and Var(Z,) = || f[|z2(1—2-n,1—2n-1) = log(2). The Z, are independent,
but they all have the same variance. So if we break the integral down into more and more
pieces, there is no way we can make sense of this.
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21 Itd6 Integration of L? Functions and Local Martingales

loc

21.1 Why only L2 ?

loc*

Why should we not try to integrate functions in L for p # 27
Proposition 21.1. Let f(t) := fg(l —5)712dB,. Then lim,_,; f(s) does not exist.

Proof. The idea is that f(t2) — f(t1) L f(t1) — f(t3) if (t1,t2) N (t3,t4) = @. If we look at
£ (®)|l2 for fixed ¢, this goes to oo as t — 1.

t
1)z = /0 (1— 5)~Lds = oo,

Then let ¢ be such that || f(tx) — f(tk—1)llz2 = 2| f (tx—1) r2- L]

21.2 Defining the It6 integral for L2 functions
If f € L? , we want to define the Ito integral

loc?
t
F, :/ fdB;.
0

]P’(/Osz(t,w)dt< oo> =1

The idea is to define () = f(t A 7,), where 7, := inf{r : Jo f?ds > n}. Then

E [/OT(f(”)fdt} < 0.

‘We know that

Now, we can let

t
Ft(n) :/ f(n) dBs, F = li_>m Ft(n)'
0 n oo

We get that f(¢)"t1) = f(t)(" for t < 7,,. From our considerations last time, this gives
Fl)(¢) = FO(T) for t < 7,,. And since f € L3, T A7, — T.

Moreover, F; is a continuous function (which we get from the sequential consistency
FOD () = FO(T) for t < 7,). In general we have the following, for any stopping times

Tn-

Proposition 21.2. Let f € L2 _, and let 7 = (7,)n be stopping times with T, < T, for

loc”

m>n and T A1, — T. Then fn(t) := finn, are H? functions. With these stopping times,
F7 = lim £,
n

where the convergence is uniform convergence on compact sets.
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We want to show that this definition is independent of 7.

Proposition 21.3. If 7 and p are families of stopping times satisfying these properties,
then F(7) = F) q.s.

Proof. Define W,, = min{7,, v, }. Then Ft(n)’T = Ft(n)’y for all t < W),. O

21.3 Local martingales

If f € H, then [ fdB; is a martingale. How about for f € L 7 It is not, but it is a local
martingale.

Definition 21.1. Let X; be a continuous random process with stopping times 7,, ' 400
and let Xt(n) = Xinr,- (Xt,7) is a local martingale if Xt(n) is a martingale for each n.

Here is a natural example of a local martingale which is not a martingale.

Example 21.1. A simple random walk is a martingale, and we can linearly interpolate to
get a continuous random process X;. Look at 7 := inf{n : S,, = —1}. Then 7 < oo a.s.,
but
E[lim Xin-] = =1 # lim E[X;7].
t—00 t—00

If f(¢) is increasing and continuous and X is a martingale, then Z; := X (f(t)) is still
a martingale. We are going to use this change the scale of the times. Let Y; = Biar, where
7 =inf{t : By < —1}. Now define

X;=Y., O<t<l.

1—-t

Then X; is a martingale on [0,1). Now extend

X 0<t«1
Xj:: ¢ -
-1 t>1.

We claim that X;" is a local martingale. Define 7, = min(inf{t : X; > n},n). Then
Tn /0. Then X is a bounded martingale.
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22 Local Martingales for Stochastic Integrals

22.1 Stochastic integrals as local martingales
Example 22.1. Let X; = Biar, where 7 = inf{t : B, < —1}. Then define
X t<1
Yi — 1—t
-1 t>1.
Then Y; is a local martingale with
inf{t:Y; >n} ifinf < oo
T =
" n otherwise.

We need to check that y;(n) := Yjrr, is a martingale. First, Y;(n) € R, for each ¢, so
this is well-defined. Then Y;(n) =

nor —1}.

If fe L2 ([0,7]), why is f(fdes a local martingale? We know that fOT f2dt < oo

loc

a.s., and Fy = Fpift > T. Let
{inf{t D Jy f2=n} ifinf < oo
T =

_ — =~ — _Tn = 3 T, )
ing, = Bt az,, where 7, = 2= and 7, = inf{t: By =

nT otherwise.

22.2 Recovering martingales from local martingales

What properties do local martingales have?

Example 22.2. Let X; be a local martingale with Xy = 0, and let 7 = inf{t : X; =
—a or b}. We want to calculate P(X; = a). When this is a martingale, we use the fact
that E[X ;] = 0.

Define Xt(") := X¢ar,, which is a martingale. Then Xt(j\a is a (bounded) martingale.
Then ]E[Xﬁn)] = 0. This gives us E[X x| = 0. But X; = lim, o0 X;ar, as n — oco. Since
this is pointwise bounded convergence, we get L' convergence: E[X, ., ] = E[X,].
Theorem 22.1. Let Xy be a local martingale with a sequence of stopping times T, and let
T be a stopping time. Then Y; := Xiar 1S a local martingale. Furthermore, if X; is bounded
(sup,, ¢ | X¢| < M), then Xy is a martingale.

Proof. The martingale property is E[X; | Fs] = Xs. For local martingales, we have
E[Xiar, | Fs] = Xsar,. Letting n — oo so 7, — oo, the right hand side becomes X, .
However, this does not necessarily mean that the left hand side goes to E[X; | Fs]; we can
have f, — f but [ f, # [ f. But Fatou’s lemma tells us that if X; > 0,

E[X, | F] < liminf E[Xinr | Fs] < lim Xonr, < X
n n

So if Xy > 0, then X; is a supermartingale. So if | X;| < M, then X; is a martingale. [
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22.3 Local martingale form of 1to’s formula

We have learned one form of Itd’s formula:
t 1 t
f(B) = 10 = [ F(BIdB+ 5 [ 5B ds
0 0

for f € C2.
People like to use the formula in another way:

t By 1 t ,
| swoan = [ rwas— [ i

0

for f € C'. Here, the right hand side depends on w, so the left hand side should, as well.
So the left hand side is determined “w by w” or “pathwise.”
Let’s extend this notion to f(t, B;) for f € C' x C?. We have

t t t
£6.B) = £0.B0) + [ 196 Bods+ [ O, BB+ [ 10,8, dB.,
0 0 0

where the superscripts denote partial derivatives. Here, if f(10) = £(02) then f (t, Bt)
equals a constant plus the 3rd term, which is a local martingale. This will give us that f
is a local martingale.
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23 Constructing Martingales and It6 Integration in R?

23.1 Constructing martingales using It6 integration

If we have f(t, B;), then Itd’s formula gives us
1
df (t, By) = fidt + f»dBs + §fm dt

If f; = —%fm, we get that
f(tht) = /fdes

This implies that f(¢, By) is a local martingale. If this is bounded, it must be a martingale.

Example 23.1. Suppose we have the line ut + a. What is P(3¢ s.t. By = ut + a)? Let’s
try looking at X; = By — ut. Then we want P(3t s.t. X; = a).

In general, let’s look at X; = ut+o By, where u, 0 € R. If welet 7 = inf{t : X; = a or b},
then the probability we want is the limit limp oo P(X; = a). If 4 = 0, then X; is a

martingale. Then Y; := )gt__bb is also a martingale, and

y. — 1 X, =a
0 X,=0b

Then

The middle step comes from the fact that Y;, is bounded.

Example 23.2. Let’s find some function with the form f(¢t,z) = f(ut + oz) and f; +
% fza = 0; such a function will make f(Xt) a local martingale. The derivative condition is
,uf’ + %02]?” = 0. Notice that if 4 = 0, then f(s) = ¢s + d for some c¢,d; so cX; +d is a
martingale.

Let’s try the function

f ( ) 672;15/0'2 _ 672;;3/0'2
S = .
A,B e—2uAjoc _ o—2uB/o?

Then fsatisﬁes this differential equation, f: lif s= A, and f: 0if s=B. So

E[fap(X:)] = P(X, = A) = E[fa,5(Xo)]-
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23.2 Brownian motion and Ité integration in R?

We can construct Brownian motion in R¢ by constructing a length d vector of independent
Brownian motions B(t) = (Bi(t), Ba(t), ..., Bg(t)). Here is what Itd’s formula looks like
in R%:

Theorem 23.1. For suitable f(t, B(t)).

df (t, B(t)) = ftdt+2fzkdBk+ Zfl-m

k=1

:ftdt+Vf-dB+§Afdt.

FEquivalently,

f(t,B /ftsB ds+2f$ksB )) dBy(s /kaxksB ) dt

Corollary 23.1. If f(t,x) satisfies f; + %Af =0, then f(t,B) is a local martingale.
Look at 2-dimensional brownian motion. Then for a € R2,
P(3t s.t. By =a)=0.
We can also find the following.

Proposition 23.1.
P(3{tx} s.t. h;?l By, =a)=1.

This is a nontrivial question to ask. However, this is a well-known result nowadays.
Interestingly, this probability is not equal to 1 when d > 2.

Proof. We want to find P, (3t s.t. | By| < r); if this probability is 1 for » > 0, then the result
holds by taking a sequence of r going to 0. Let 7 := inf{t : |B;| = r or r1}, where r;, > R.
Then we want P(|B-| = r). Let’s find some f(t, B;) such that f; + 3 fzo = 0. We also need
a kind of property like f(¢,x) = 1if |B| = r and f(¢, B;) = 0 if | B¢| = r1,. We can do this
by requiring f(t,z) = h(||z]|), i.e. it only depends on h. This gives Af = 0. So we want a
function like h(z)log|z|. The actual choice is

 logla] — log(r)
7®) = Yog(r) ~Tog(rz)

This gives

log(R) —log(rr) rp—oo
log(r) — log(rr)
This completes the proof. O

1.

P(|B:| = r) = E[f(B(t))] = E[f(B(0))] =
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Remark 23.1. If d = 3, we get that f(x) is like 1/|z|. In particular,

_ Y[ = 1/]re]

I = L =1 e

The same calculation gives

l/R— 1/7’L rp—oo T
1/7’—1/7“[, R'

B(|B, =1) =
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24 Integrating With Respect to Random Processes

24.1 Integrating with respect to random processes

The 1-dimensional version of It6’s formula says that

df(t,By) = fydt + fr dB; + %fm dt.
For a Brownian motion B; = (B, ..., By) in R we have

df (t,By) = frdt +Vf-dB + %Afdt.

Let’s cover something more general.
Suppose we have a process

t t
Xe = Xo + / a(w, s)ds —|—/ b(w, s) dBs.
0 0

Here, a(t),b(t) € F; for any t, where F; is the filtration with respect to Brownian motion.
We can write this as dX; = a(t) dt + b(t) dB;. How can we define fot f(s)dX,? And in RY,

~

what if we have dX; = a(t) dt +3(t) dB(t), where X;, a are vectors and b is a matrix?
To figure out the value of fg f(s)dXs, we can write

1
df (t, X3) = frdt + fodX; + 5j;mbz(t) dt,

where
fo dXy = (fra(t)) dt + b(t) dB.

If we replace X; with By, we get a(t) = 0 and b(t) = 1; but this does not really help us
understand this generalization.

Here is why the formula looks like this: we have fiAt + f,AX; + %fm(At)Q. How
do we understand the last term? Look at E [%} . As At — 0, we have AX; —
a(t)At + b(t)ABy. So

(AX;)? (AB;)?
At At

So the last term in our formula is actually like % fex(dXy)?2.

— b2(t) -

Example 24.1. Let X; = [cos(t)dB;. What is sin(X;)? This is a question from an
interview book.

Returning to the vector version dX; = a(t) dt +3(t)dBt, we have

1
df(t, Xt) = ft dt+V - d.It + 5 dXt . Hess(f) dXt
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24.2 Quadratic variation

If we know X;, can we find Z(t)? The idea is that X; is what you actually observe, and
we are modeling it as Brownian motion. Then we want to recover some information about
the model. If X; is our process, then we want to find the quadratic variation (X),:

lim Y (X, — X, )%

A0 4
We find that .
(X), :/0 b2 (s) ds.
Then 42X, ) bQ(t)'
dt

In applications, we can assume that b is a.s. non-random. This gives us a lot of information
about how the sample paths of our process vary. This is used in financial mathematics to
“observe” the variation of stock prices.

24.3 Dyson spheres

We will discuss Dyson Brownian motion next time. Dyson is famous in science fiction
circles for a different idea. He thought that in any developed culture, there will be a race
towards more efficient forms of energy production. Solar energy if one of the most efficient
and long-lasting forms of energy, so he thought that people would build solar panels close
to their sun, where they can get the most energy. So eventually, the sun would be covered
by solar panels, in what is called a Dyson sphere. Dyson proposed that to look for alien
life, we should look for stars where the brightness has been reduced (to indicate that it has
been covered by solar panels.
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25 Dyson Brownian Motion

25.1 The drifting term in the rate of change of the eigenvalues

Let’s say we have Hermitian matrices H' = H? + HY,, where H' = (H")T and H° = (HY)T.
Let A} be the k-th largest eigenvalue of H' and u}, be such that |U} |2 = 1 and H'ul, = N, u},
(eigenvector).

We let [HL];j ~ B(t) for i < j and [HE];; ~ B(2t). The entries of H are independent.
with H, = (Hg)'. Then HY; = H); 4+ B (t) is a process for each i < j. So we can
consider eigenvalues as a function of these processes: Ai({H; ;}i<;). What if we change
the eigenvalues a little bit?

Ok agt o L 0\,

(9Ht b 2 i 8H¢7j(“)HZ»/7j/

= wk . dH' + dH" - Hess(\,) dH".

d\, =

dB;j dBy,j

Since these N x N matrices are Hermitian, we have N? processes which are not all inde-
pendent.
Since dB; jdBy j» = dt if {i,5} = {i,j'} and 0 otherwise, we get

8)\k Ok O\,
t Bt . +
d)\ Z 8Ht Z’ Z [6H2 GHM-GHM di

7]

There are results that say

N duy, ug(i)ue(j)
— = ur(?)u , = —
I, k(D) uk(d) OH, o N — A ¢

So the right term, the “drifting term”, is
-1
dt
3

So if Ag is very close to A\p+1, we get a very large negative term. So there is some large
force to pull A\ down, away from Agyi. This gives us a surprising property: the order of
the eigenvalues never changes! That is, if we plot all the eigenvalues with ¢, the curves

never intersect.

25.2 The diffusion term

Let’s do some calculations with the first term, the “diffusion term”. This is

Zuk ’U,k dB J( )
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Now define
Bu(t) = | Y uk(iunli) dBis (o)

This is a process, and we can check that for any fixed ¢, By (t) ~ N (0,t): We can calculate
E[BY(1)] =Y ub (i)uf()uk (Dup (5) - £ = .
i7j

We can also calculate for £ #£ k,

E[Bi(t)Be(t)] = > ik (i)uf (4) e (i)ue(j) = 0
i,
because the uy, uy are orthogonal to each other. In fact, we can prove that

E[B}*(t)] = EIN(0,£)™].

Moreover, By(-) is a Brownian motion, and {By}4_, are independent.
So we have that

-1
), —dBkJr; SV
What if I define some other process
dxk = dék + Z = _1~
Av — Ak

with the same distribution? This doesn’t come from a matrix, but we can still use it to
study the distribution of Ag.
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26 Stochastic Differential Equations

26.1 Examples of SDEs

If we have a process satisfying a stochastic differential equation, we may want to recover
a concrete description of it. We want to solve stochastic differential equations of the

form
dXt == f(t, Xt) dt + g(t, Xt) dBt

Example 26.1. Consider the equation
dXt = MXt dt + O'Xt dBt,

where pu, § are fixed.
To solve this, we hope that X; = f(t, By). If this is correct, we get that

1

ft:§fxzzﬂfa Jr=o0f.

We can then solve this equation to get a solution of the form

f _ ea:c+g(t) .

Plugging this back into the equation, we get

f= 0T+ (p—0o/2)t

So the solution to the SDE is
X, = e?Brtlu—a/2t  x
These do not always have this kind of solution. Here is an example:
Example 26.2. Consider the Ornstein-Uhlenbeck process satisfying the equation
dX; = —aX;dt + o dB;.

If we try to solve it the same way, we get

ft"‘%fwx:_afa fz=o0.

Then we get
f=ox+g(t), ¢ =—alox+g(t)).

So there are no solutions of this type to this differential equation.
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To solve this, recall the trick to solving the ODE f' = —af + g(z). We introduce a
factor like e/ . The idea is to introduce a factor

Y =g(t) - X(t).
Then we get
dY = ¢ X (t)dt + g(t) - dXy
= ¢' Xy dt + g(t)(—aXy) dt + g(t)o dt.
We want something of the form ¢’ = ag, so g = ce®. With this g, we get
dY =0dB;, = Y =Yy+ 0B

We then get
X =ce (Yo + oBy).

Remark 26.1. This process has E[X?] < oo, so it has a limit.

Example 26.3. Let’s say we have a Brownian bridge, a Brownian motion with B; = 0.
This event has probability 0, so we can’t condition on B; = 0. We can set up the equation

Xy

X = 1_tdt+ dB;.
We can solve this as before with a(t) = —;. We have ¢’ = a(t)g, so eloal®)ds . C. And
for Y =g- X, we get
1
Y =g9gdBy = —— dbB;.
gabe = 7 4Pt

So

b1
X_(l—t)/ dB.
o 1

— S

gives us the formula for a Brownian bridge.

26.2 Existence and uniqueness of solutions to SDEs

Theorem 26.1. Consider the equation
dX; = /L(t, Xt) dt + O'(t, Xt) dB;.
Suppose |, 0 are smooth, Lipschitz:

It x) — pu(t,y)| < Klz —yl, lo(t,z) —o(t,y)| < Llz -y,

and po < (1+ |z|)C. Then there is a unique solution to this equation.
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Proof. To prove uniqueness, suppose

t t
X = / w(s, Xs)ds +/ o(s,Xs)dBs + Xo,
0 0

t t
Y, = / w(s,Yy)ds +/ o(s,Ys)dBs + Y.
0 0

By the Lipschitz condition, we get that X; — Y; is bounded by the integral of something
like X, — Y,. That is, the L> norm is bounded by the L' norm. Such a function must be
0. In fact, we actually bound E[(X; — Y;)?] like this.

For existence, take a sequence of iterates
L t t
Xt(n+ ) :/ (s, XM ds +/ o(s, XY dBs + Co,
0 0

and show that this converges. We do this by using the contraction mapping theorem: we
show that
HX(nJrl) —x < C’HX(") _ X(n—l)H

for some C' < 1. To get C < 1, we make the time interval small enough. O
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27 The Martingale Central Limit Theorem

27.1 Motivation
The central limit theorem says something like

\S/% 2 N(0,1).
We have also learned about Donsker’s theorem, which extends this idea to Brownian mo-
tion.

Sy is not necessarily small. If X; are iid, then E[S,] = nE[X;]. The central limit
theorem tells us that the fluctuation of S,, is much less than nE[X]. We know that
E[S,] ~ n and Var(S,,) ~ n. This is because

n 2
E (Z Xi— ]E[Xi]) = Y E[(X; — E[X))(X; — E[X;]])],
i=1 irj

where these terms are 0 if 4 # j by independence. So the property comes from the incre-
ments Xy = Sg11 — Sk

But the situation is more complicated for martingales. Let S7,S59,... be a martingale.
Then if

1 n
- > E[(Sks1 — Sk)? | Fil = ¢,
k=1

then S
n
2n L N(0,1).
T~ N0.)
In the iid case, ¢ = 1. If we define X = Si+1— Sk, then X and Xy are not independent.
So this result is nontrivial (and maybe even unintuitive). The idea is that under certain

conditions, the X} are independent.

27.2 The Markov chain CLT and martingale CLT

Theorem 27.1 (Martingale CLT). Let {Sk}xr be a martingale, an dlet Xy, = Sg+1 — Sk.
Suppose that

n-t
S EXE A
tn

1 Vt.

Then
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Compare this to the Markov chain central limit theorem. Let X1, Xo,... be a Markov

chain with a stationary distribution w. If we start the chain at m, then Xi, Xo,... 4

X5, X3, ...;i.e. the sequence is stationary. The ergodic theorem says that % Sopeq f(Xg) —
E[f(X7)]; i.e. the sequence is ergodic.

Theorem 27.2 (Markov chain CLT). Let {X,}, be an ergodic, stationary sequence with
E[X,, | Fno1] =0 and E[X?] = 1. Then

Sn d
%—N\/’(O,l).

The central limit theorem for Markov chains is a special case of the theorem for mar-
tingales. Let’s prove this assuming the martingale CLT.

Proof. We want to show that
1 2
k

Define uy, := E[X,? | Fr—1]; this is also an ergodic, stationary sequence. So the property in
the martingale CLT is satisfied. O

Now let’s prove the martingale CLT.

Proof. If {S,}, is a martingale with Sy = 0 (and E[S?] < 00), then we can define stop-

ping times 77, ..., T, such that (S1,...,Sy) 4 (Bry,...,Br,). This is a repeated use of
Skorokhod’s representation theorem. We then find that

E[X? | Fi1] = BT — Thr | F1_ -

If T, =~ n, we are done. We have T;, = >, T}, — T—1 and > E[T}, — Tj—1 | Fr,_,| =n. If
we can show that both are close, we will be done.

Let 7, = Ty — Ty—1, and let Vi, = E[T}, — Tj—1 | Fr,_,]. We want to show that
E[(Zk Tk — Vk)z] = O(n) Ifk < €’

E[(r — E[ry, | Fr,,_y)(7e — Elre | Fr,_ )] = Elmee] — E[me E[m | Fry,_,]] — E[n E[r¢ | Fr,_,]
+E[E[r | Fr,_, | Elry, | Fr,_,]]

The third term becomes — E[7;,7¢]. We can calculate the other terms similarly.

=0. O
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